
LA-UR-12-25153
Approved for public release; distribution is unlimited.

Title: Efimov effect in quantum magnets

Author(s): Nishida, Yusuke

Intended for: correlations and coherence in quantum systems, 2012-10-08/2012-10-12
(Évora, ---, Portugal)

Disclaimer:
Los Alamos National Laboratory, an affirmative action/equal opportunity employer,is operated by the Los Alamos National 
Security, LLC for the National NuclearSecurity Administration of the U.S. Department of Energy under contract DE-AC52-06NA25396.  
By approving this article, the publisher recognizes that the U.S. Government retains nonexclusive, royalty-free license to 
publish or reproduce the published form of this contribution, or to allow others to do so, for U.S. Government purposes. 
Los Alamos National Laboratory requests that the publisher identify this article as work performed under the auspices of the 
U.S. Departmentof Energy.  Los Alamos National Laboratory strongly supports academic freedom and a researcher's right to publish; 
as an institution, however, the Laboratory does not endorse the viewpoint of a publication or guarantee its technical correctness.



/ 32

Efimov effect in
quantum magnets

1

Yusuke Nishida (LANL)

LA-UR-12-?????
Évora, Portugal, October 8-12 (2012)

Workshop on “correlations and
coherence in quantum systems”



/ 32Plan of  this talk 2

1.  Universality in physics

2.  What is the Efimov effect ?

 Keywords:  universality,  discrete
 scale invariance,  RG limit cycle

3.  Efimov effect in solid state systems *

* based on collaboration with
   Y. Kato  and  C. D. Batista,  arXiv:1208.6214

   “Efimov effect in quantum magnets”
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1.  Universality in physics

2.  What is the Efimov effect ?

3.  Efimov effect in solid state systems
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Understand physics of few and many particles

governed by quantum mechanics

atomic
BEC

liquid
helium superconductor

 neutron
star

graphene



/ 325

A1.  Continuous phase transitions  ⇔  ξ/ r0 → ∞

E.g.     Water                    vs.       Magnet

  Water and magnet have the same exponent β≈ 0.325

When physics is universal ?
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A2.  Scattering resonances  ⇔  a/r0→∞
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A2.  Scattering resonances  ⇔  a/r0→∞

E.g.     4He atoms                   vs.     proton/neutron

van der Waals force :             nuclear force :
a ≈ 1×10-8 m ≈ 20 r0             a ≈ 5×10-15 m ≈ 4 r0

Ebinding ≈ 1.3×10-3 K               Ebinding ≈ 2.6×1010 K

Physics only depends on the scattering length “a”

He

  Atoms and nucleons have the same form of binding energy

He p n

Ebinding � �
�2

m a2
(a/r0 ��)
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Efimov effect
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1.  Universality in physics

2.  What is the Efimov effect ?

3.  Efimov effect in solid state systems
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Volume 33B, nu mber  8 P H Y S I C S  L E T T E R S  21 December  1970 

ENERGY LEVELS ARISING FROM RESONANT T W O - B O D Y  FORCES 

IN A THREE-BODY SYSTEM 

V.  E F I M O V  

A.F.Ioffe Physico-Technical Institute, Leningrad, USSR 

Received 20 October  1970 

Resonant  two-body fo rces  a re  shown to give r i s e  to a s e r i e s  of levels  in t h r e e - p a r t i c l e  s y s t e m s .  The 

nu mber  of such levels  may be very large.  Poss ib i l i ty  of the exis tence  of such levels in s y s t e m s  of three  

a - p a r t i c l e s  (12C nucleus) and three  nucleons (3ti) is d i scussed .  

The  r a n g e  of n u c l e o n - n u c l e o n  f o r c e s  r o i s  

known  to be  c o n s i d e r a b l y  s m a l l e r  t han  the  

s c a t t e r i n g  l e n g t s  a. T h i s  f ac t  i s  a c o n s e q u e n c e  of 

the  r e s o n a n t  c h a r a c t e r  of n u c l e o n - n u c l e o n  f o r c e s .  

A p a r t  f r o m  t h i s ,  m a n y  o t h e r  f o r c e s  in  n u c l e a r  

p h y s i c s  a r e  r e s o n a n t .  The  a i m  of t h i s  l e t t e r  i s  to 

e x p o s e  an  i n t e r e s t i n g  e f f e c t  of r e s o n a n t  f o r c e s  in 

a t h r e e - b o d y  s y s t e m .  N a m e l y ,  f o r  a ' " r  o a 

s e r i e s  of bound  l e v e l s  a p p e a r s .  In a c e r t a i n  c a s e ,  

the  n u m b e r  of l e v e l s  m a y  b e c o m e  in f i n i t e .  

Le t  us  e x p l i c i t l y  f o r m u l a t e  t h i s  r e s u l t  in  the  

s i m p l e s t  c a s e .  C o n s i d e r  t h r e e  s p i n l e s s  n e u t r a l  

p a r t i c l e s  of e q u a l  m a s s ,  i n t e r a c t i n g  t h r o u g h  a 

t i c l e  bound  s t a t e s  e m e r g e  one a f t e r  the  o t h e r .  At 

g = go ( in f in i t e  s c a t t e r i n g  l eng th)  t h e i r  n u m b e r  i s  

i n f in i t e .  As  g g r o w s  on b e y o n d  go, l e v e l s  l e a v e  

in to  c o n t i n u u m  one a f t e r  the  o t h e r  ( s ee  fig.  1). 

The  n u m b e r  of l e v e l s  i s  g i v e n  by the  e q u a t i o n  

N ~ 1 l n ( j a l / r o )  (1) 
7T 

All  the  l e v e l s  a r e  of the  0 + kind;  c o r r e s p o n d i n g  

wave  funcLions  a r e  s y m m e t r i c ;  the  e n e r g i e s  

EN .~ 1/r o2 (we u s e ~ = m  = 1); the  r a n g e  of t h e s e  

bound  s t a t e s  i s  m u c h  l a r g e r  t han  r o. 

We wan t  to s t r e s s  tha t  t h i s  p i c t u r e  is  va l id  f o r  

Efimov (1970)
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Efimov effect

a→∞

 When 2 bosons interact with infinite “a”, 
 3 bosons always form a series of bound states

Efimov (1970)
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Efimov (1970)

R
22.7×R

(22.7)2×R

. . .

Discrete scaling symmetry

. . .

 When 2 bosons interact with infinite “a”, 
 3 bosons always form a series of bound states
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Efimov (1970)

. . .

Discrete scaling symmetry

. . .

 When 2 bosons interact with infinite “a”, 
 3 bosons always form a series of bound states

R

1.3 × R
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g1

g2

g1

g2

Renormalization group flow diagram in coupling space

RG fixed point
⇒ Scale invariance
E.g. critical phenomena

RG limit cycle
⇒ Discrete scale invariance
E.g.  Efimov effect

Rare manifestation in physics !
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• 4He atoms (a ≈ 1×10-8 m ≈ 20 r0) ?
 2 trimer states were predicted
 1 was observed (1994)

He He

He

He He

He

Eb = 125.8 mK (Eb = 2.28 mK)

Ultracold atoms !

• Originally, Efimov considered 
3H nucleus (≈ 3 n) and 12C nucleus (≈ 3α)

?
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Ultracold atoms are ideal to study universal quantum physics
because of the ability to design and control systems at will

Ultracold atom experiments
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Ultracold atoms are ideal to study universal quantum physics
because of the ability to design and control systems at will

C.A. Regal & D.S. Jin
PRL90 (2003)

Universal
regime

Ultracold atom experiments

✓ Interaction strength by Feshbach resonances

10 ~ 100 a0
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Florence group
for 39K  (2009)

Bar-Ilan University
for 7Li  (2009)

Rice University
for 7Li  (2009)

≈ 25

≈ 22.5 ≈ 21.1
Discrete scaling
& Universality !
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Can we find the Efimov effect
in other physical systems ?

• Efimov effect is “universal”
   = appears regardless of microscopic details
       (physics technical term)

• Efimov effect is not “universal”
   universal = present or occurring everywhere
                      (Merriam-Webster Online)
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Efimov effect in
quantum magnets
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1.  Universality in physics

2.  What is the Efimov effect ?

3.  Efimov effect in solid state systems
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fully polarized state (B➔∞)

Spin-boson correspondence

No boson = vacuum

N spin-flips N bosons = magnons
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3D Heisenberg magnet 21

xy-exchange coupling
⇔  hopping

single-ion anisotropy
⇔  on-site attraction

z-exchange coupling
⇔  neighbor attraction

N spin-flips

⇔

N bosons = magnons
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ê

(JS+
r S�
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3D Heisenberg magnet 22

xy-exchange coupling
⇔  hopping

single-ion anisotropy
⇔  on-site attraction

z-exchange coupling
⇔  neighbor attraction

By tuning the attraction
to induce a resonance between two magnons,
the Efimov effect for three magnons is realized
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Scattering length between two magnons

Two-magnon resonance (as➔∞)

as

a
=

3
2⇡

h
1 � D

3J �
Jz
J

⇣
1 � D

6sJ

⌘i

2s � 1 + Jz
J

⇣
1 � D

6sJ

⌘
+ 1.52

h
1 � D

3J �
Jz
J

⇣
1 � D

6sJ

⌘i

•  Jz/J = 2.94  (spin-1/2)

•  Jz/J = 4.87  (spin-1, D=0)

•  D/J = 4.77  (spin-1, ferro Jz=J>0)

•  D/J = 5.13  (spin-1, antiferro Jz=J<0)

•  . . .
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At the resonance, three magnons form bound states
with binding energies En

n En/J
p

En�1/En

0 �2.09 ⇥ 10�1 —
1 �4.15 ⇥ 10�4 22.4
2 �8.08 ⇥ 10�7 22.7

n En/J
p

En�1/En

0 �5.16 ⇥ 10�1 —
1 �1.02 ⇥ 10�3 22.4
2 �2.00 ⇥ 10�6 22.7

n En/J
p

En�1/En

0 �5.50 ⇥ 10�2 —
1 �1.16 ⇥ 10�4 21.8

n En/J
p

En�1/En

0 �4.36 ⇥ 10�3 —
1 �8.88 ⇥ 10�6 22.2

•  Spin-1/2 •  Spin-1, D=0

•  Spin-1, Jz=J>0 •  Spin-1, Jz=J<0
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At the resonance, three magnons form bound states
with binding energies En

n En/J
p

En�1/En

0 �2.09 ⇥ 10�1 —
1 �4.15 ⇥ 10�4 22.4
2 �8.08 ⇥ 10�7 22.7

n En/J
p

En�1/En

0 �5.16 ⇥ 10�1 —
1 �1.02 ⇥ 10�3 22.4
2 �2.00 ⇥ 10�6 22.7

Universal scaling law by ~ 22.7
confirms they are Efimov states !

•  Spin-1/2 •  Spin-1, D=0
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1.  Find a good compound

3.  Observe the Efimov states

2.  Tune the exchange coupling
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1.  Find a good compound
      whose anisotropy is close to the critical value

      E.g.  Ni-based organic ferromagnet with D/J~3  (critical 4.8)
      R. Koch et al., Phys. Rev. B 67, 094407 (2003)

2.  Tune the exchange coupling

3.  Observe the Efimov states
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2.  Tune the exchange coupling
      with pressure to induce
      the two-magnon resonance

1.  Find a good compound
      whose anisotropy is close to the critical value

      E.g.  Ni-based organic ferromagnet with D/J~3  (critical 4.8)
      R. Koch et al., Phys. Rev. B 67, 094407 (2003)

3.  Observe the Efimov states

!! "!!!!#! #!!$! %&'

!
!
"
#
$

%&'(()&'""#$%$

T. K
aw

a
m

o
to

 e
t a

l, JP
S

J (2
0

0
1

)

C.f.  TDAE-C60
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1.  Find a good compound
      whose anisotropy is close to the critical value

      E.g.  Ni-based organic ferromagnet with D/J~3  (critical 4.8)
      R. Koch et al., Phys. Rev. B 67, 094407 (2003)

Toward experimental realization29

!! "!!!!#! #!!$! %&'

!
!
"
#
$

%&'(()&'""#$%$

T. K
aw

a
m

o
to

 e
t a

l, JP
S

J (2
0

0
1

)

C.f.  TDAE-C60

3.  Observe the Efimov states
      of  three magnons with

•  far-infrared absorption

•  inelastic neutron scattering

•  electron spin resonance

                         (many references)

2.  Tune the exchange coupling
      with pressure to induce
      the two-magnon resonance
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condensed
matter

atomic
physics

Efimov effect:  universality,  discrete scale

                               invariance,  RG limit cycle

nuclear
physics

•  exchange anisotropy

•  single-ion anisotropy

•  spatial anisotropy

•  fructration

Efimov effect in quantum magnets induced by

(arXiv:1208.6214)
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condensed
matter

atomic
physics

Efimov effect:  universality,  discrete scale

                               invariance,  RG limit cycle

nuclear
physics

Atomic BEC  (1995)

Efimov effect  (2006)

Magnon BEC  (2000)

Efimov effect  (20??)
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condensed
matter

atomic
physics

Efimov effect:  universality,  discrete scale

                               invariance,  RG limit cycle

nuclear
physics

few-body
physics

many-body
physics

•  superfluidity
•  superconductivity
•  magnetism
•  ...

How interplay ?


